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ABSTRACT
We study some wrapped configurations of branes in the near-horizon geometry of a stack
of other branes. The common feature of all the cases analyzed is a quantization rule and
the appearance of a finite number of static configurations in which the branes are partially
wrapped on spheres. The energy of these configurations can be given in closed form and
the analysis of their small oscillations shows that they are stable. The cases studied include
D(8-p)-branes in the type II supergravity background of Dp-branes for 0 ≤ p ≤ 5, M5-branes
in the M5-brane geometry in M-theory and D3-branes in a (p, q) fivebrane background in the
type IIB theory. The brane configurations found admit the interpretation of bound states of
strings (or M2-branes in M-theory) which extend along the unwrapped directions. We check
this fact directly in a particular case by using the Myers polarization mechanism.
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1 Introduction
In a recent paper [1], Bachas, Douglas and Schweigert have shown how D-branes on a group
manifold are stabilized against shrinking (see also ref. [2]). The concrete model studied
in ref. [1] was the motion of a D2-brane in the geometry of the SU(2) group manifold.
Topologically, SU(2) is equivalent to a three-sphere S3. The D2-brane is embedded in this
S3 along a two-sphere S2 which, in a system of spherical coordinates, is placed at constant
latitude angle θ. The D2-brane dynamics is determined by the Born-Infeld action, in which
a worldvolume gauge field is switched on. An essential ingredient in the analysis of ref. [1]
is the quantization condition of the worldvolume flux, which, with our notations, can be
written as: ∫
S2
F =
2πn
Tf
, n ∈ ZZ , (1.1)
where F is the worldvolume gauge field strength and Tf is the tension of the fundamental
string, which, in terms of the Regge slope α′ is Tf = (2πα
′ )−1 .
By using eq. (1.1) one can easily find the form of the worldvolume gauge field strength
for non-zero n, and the corresponding value of the energy of the D2-brane. The minimum of
this energy determines the embedding of the brane in the group manifold, which occurs at a
finite set of latitude angles θ. It turns out that the static configurations found by this method
are stable under small perturbations and exactly match those obtained by considering open
strings on group manifolds [3, 4]. In this latter approach the D-brane configurations are
determined by all the possible boundary conditions of the corresponding Conformal Field
Theory (CFT). Actually [5, 6], each possible boundary condition corresponds to a D-brane
wrapped on a (twisted) conjugacy class of the group.
The underlying CFT imposes quantization conditions on the allowed (twisted) conjugacy
classes, which can be interpreted geometrically in terms of the embedding of the D-brane
worldvolume in the group manifold. Thus, for example, in the case of the SU(2) group
manifold, the non-trivial conjugacy classes are two-spheres embedded in SU(2) ≈ S3. The
quantization conditions of the corresponding Wess-Zumino-Witten (WZW) model determine
that only a finite number of S2 ⊂ S3 embeddings are possible and their number is related
to the level of the affine su(2) Kac-Moody algebra [5, 6]. Actually, to each conjugacy class
one associates a Cardy boundary state [7] of the WZW model. The mass of the D-brane
configuration can be obtained, in this approach, by computing a` la Polchinski [8] the matrix
element between Cardy states of the string theory cylinder diagram, and comparing the
result with the one obtained in a gravitational field theory. Apart from a finite shift in
the level of the current algebra, the mass obtained in this way is exactly the same as the
one computed with the Born-Infeld action and the quantization condition (1.1). For other
aspects of this open string approach and of the flux quantization condition (1.1) see ref. [9].
The agreement between the Born-Infeld and CFT approaches for the system of ref. [1] is
quite remarkable. For this reason the generalization of this result to other backgrounds and
brane probes is very interesting. The SU(2) group manifold studied in [1] can be regarded
as a component of the transverse part of a Neveu-Schwarz (NS) fivebrane geometry. Thus,
the natural generalization to consider is a Ramond-Ramond (RR) background. This case
was studied in ref. [10], where it was shown that the brane probe must be partially wrapped
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on some angular directions and extended along the radial coordinate.
Following the analysis of ref. [10], in this paper we study, first of all, the motion of a
D(8-p)-brane in the background of a stack of parallel Dp-branes. The external region of the
Dp-brane metric has SO(9 − p) rotational symmetry, which is manifest when a system of
spherical coordinates is chosen. In this system of coordinates a transverse S8−p sphere is
naturally defined and the constant latitude condition on the S8−p determines a S7−p sphere.
We shall embed the D(8-p)-brane in this background in such a way that it is wrapped on this
S7−p ⊂ S8−p constant latitude sphere and extended along the radial direction. Therefore,
as in ref. [1], the brane configuration is characterized by an angle θ, which parametrizes the
latitude of the S7−p.
In order to analyze this Dp-D(8-p) system by means of the Born-Infeld action, we shall
establish first some quantization condition which, contrary to (1.1), will now involve the
electric components of the worldvolume gauge field. By using this quantization rule we shall
find a finite set of stable brane configurations characterized by some angles θ which generalize
the ones found in ref. [1]. The energy of these configurations will be also computed and,
from this result, we shall conclude that semiclassically our D(8-p)-brane configurations can
be regarded as a bound state of fundamental strings. On the other hand, we will find a
first order BPS differential equation whose fulfillment implies the saturation of an energy
bound and whose constant θ solutions are precisely our wrapped configurations. This BPS
equation is the one [11] satisfied by the baryon vertex [12], which will allow us to interpret
our configurations as a kind of short distance limit (in the radial direction) of the baryonic
branes [13, 14, 15].
Another purpose of this paper is to study a mechanism of flux stabilization in M-theory.
We shall consider, in particular, a M5-brane probe in a M5-brane background. By using
the Pasti-Sorokin-Tonin (PST) [16] action for the M5-brane probe, we shall look for static
configurations in which the probe is wrapped on a three-sphere. After establishing a flux
quantization condition similar to (1.1), we shall find these configurations and we will show
that they closely resemble those found for the D4-D4 system. Actually, our states can be
interpreted semiclassically as BPS bound states of M2-branes and they are related to the
short distance limit of the baryonic vertex of M-theory [17, 18].
Another example which we will work out in detail is the one in which the background is
a stack of fivebranes which have both NS and RR charges, i.e. a collection of the so-called
(p, q) fivebranes [19]. In this case the probe is a D3-brane and the “magnetic” quantization
condition (1.1) and our electric generalization must be imposed at the same time. We
will show that these two quantization rules are indeed compatible and we will find the stable
wrapped configurations of the D3-brane probe. Again, they can be interpreted semiclassically
as a collection of strings (actually, in this case, (q, p) strings).
If our brane configurations admit an interpretation as bound states of strings (or M2-
branes in the case of M-theory), it should be possible to obtain them starting directly from the
strings (or M2-branes). We will check this fact in a particular case. Indeed, we will show how
one can build up the wrapped D3-brane configurations in the NS fivebrane background by
using D-strings in the same background. The mechanism responsible for this transmutation
is the one advocated by Myers [20], in which the D-strings move in a noncommutative fuzzy
sphere and are polarized by the background.
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This paper is organized as follows. In section 2 we will study the Dp-D(8-p) system.
Section 3 is devoted to the analysis of the flux stabilization in M-theory. The D3-brane
in the (p, q) fivebrane background is considered in section 4. In section 5 we summarize
our results and explore some directions for future work. The paper is completed with two
appendices. In appendix A we collect the functions which determine the location of the
wrapped brane configurations in the transverse sphere. In appendix B we show how to
obtain the wrapped D3-branes from polarized D-strings.
2 Wrapped branes in Ramond-Ramond backgrounds
The ten-dimensional metric corresponding to a stack of N coincident extremal Dp-branes in
the near-horizon region is given by [21]:
ds2 =
[ r
R
] 7−p
2 (−dt2 + dx2‖ ) +
[ R
r
] 7−p
2 ( dr2 + r2 dΩ28−p ) , (2.1)
where x‖ represent p cartesian coordinates along the branes, r is a radial coordinate parametriz-
ing the distance to the branes and dΩ28−p is the line element of an unit 8 − p sphere. We
have written the metric in the string frame. The parameter R, which we will refer to as the
radius, is given by:
R7−p = N gs 2
5−p π
5−p
2 (α ′ )
7−p
2 Γ
( 7− p
2
)
, (2.2)
where N is the number of Dp-branes of the stack and gs is the string coupling constant.
The metric (2.1) is a classical solution of the type II supergravity equations of motion. This
solution is also characterized by some non-vanishing values of the dilaton field φ(r) and of a
Ramond-Ramond (RR) (8-p)-form field strength F (8−p), namely:
e−φ˜(r) =
[ R
r
] (7−p)(p−3)
4 ,
F (8−p) = (7− p)R7−p ǫ(8−p) , (2.3)
where φ˜(r) = φ(r) − φ(r → ∞), and we are representing the Dp-brane as a magnetically
charged object under the F (8−p) form. In eq. (2.3)(and in what follows) ǫ(n) denotes the
volume form of the sphere Sn.
Let θ1, θ2, · · ·, θ8−p be coordinates which parametrize the S8−p transverse sphere. We
shall assume that the θ’s are spherical angles on S8−p and that θ ≡ θ8−p is the polar angle
(0 ≤ θ ≤ π). Therefore, the S8−p line element dΩ28−p can be decomposed as:
dΩ28−p = dθ
2 + ( sin θ)2 dΩ27−p . (2.4)
In these coordinates it is not difficult to find a potential for the RR gauge field. Indeed, let
us define the function Cp(θ) as the solution of the differential equation:
d
dθ
Cp(θ) = −(7 − p) (sin θ)7−p , (2.5)
3
θS 8-p
S7-p
Figure 1: The points of the S8−p sphere with the same polar angle θ define a S7−p sphere.
The angle θ represents the latitude on S8−p, measured from one of its poles.
with the initial condition
Cp(0) = 0 . (2.6)
It is clear that one can find by elementary integration a unique solution to the problem of
eqs. (2.5) and (2.6). Thus Cp(θ) can be considered as a known function of the polar angle
θ. In terms of Cp(θ), the RR potential C
(7−p) can be represented as:
C(7−p) = −R(7−p)Cp(θ) ǫ(7−p) . (2.7)
By using eq. (2.5) it can be easily verified that 1:
F (8−p) = dC(7−p) . (2.8)
Let us now consider a D(8-p)-brane embedded along the transverse directions of the stack
of Dp-branes. The action of such a brane probe is the sum of a Dirac-Born-Infeld and a
Wess-Zumino term:
S = −T8−p
∫
d 9−pσ e−φ˜
√
−det ( g + F ) + T8−p
∫
F ∧ C(7−p) , (2.9)
where g is the induced metric on the worldvolume of the D(8-p)-brane and F is a worldvolume
abelian gauge field strength. The coefficient T8−p in eq. (2.9) is the tension of the D(8-p)-
brane, given by:
T8−p = (2π)
p−8 (α ′ )
p−9
2 ( gs )
−1 . (2.10)
The worldvolume coordinates σα (α = 0 , · · · , 8− p ) will be taken as:
σα = ( t , r , θ1 , · · · , θ7−p ) . (2.11)
1For simplicity, through this paper we choose the orientation of the transverse S8−p sphere such that
ǫ(8−p) = (sin θ)
7−p dθ ∧ ǫ(7−p).
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With this election the embedding of the brane probe is described by a function θ = θ(σα).
Notice that the hypersurface θ = constant defines a S7−p sphere on the transverse S8−p (see
figure 1). These configurations with constant polar angle represent a D(8-p)-brane wrapped
on a S7−p sphere and extended along the radial direction. These are the kind of configurations
we want to study in this paper. Actually, we will consider first a more general situation in
which the polar angle depends only on the radial coordinate, i.e. when θ = θ(r). It is a
rather simple exercise to compute the induced metric g in this case. Moreover, by inspecting
the form of the RR potential C(7−p) in eq. (2.7) and the Wess-Zumino term in the action,
one easily concludes that this term acts as a source for the worldvolume electric field F0,r
and, thus, it is natural to assume that F0,r is different from zero. If we take this component
of F as the only non-vanishing one, the action can be written as:
S =
∫
S7−p
d7−pθ
∫
drdt L(θ, F ) , (2.12)
where the lagrangian density L(θ, F ) is given by:
L(θ, F ) = −T8−pR7−p
√
gˆ
[
(sin θ)7−p
√
1 + r2 θ ′ 2 − F 20,r + F0,r Cp(θ)
]
. (2.13)
In eq. (2.13) gˆ is the determinant of the metric of the S7−p and θ ′ denotes dθ/dr.
2.1 Quantization condition
The equation of motion of the gauge field, derived from the lagrangian density of eq. (2.13),
implies that:
∂L
∂F0,r
= constant . (2.14)
In order to determine the value of the constant on the right-hand side of eq. (2.14) let us
follow the procedure of ref. [10] and couple the D-brane to a Neveu-Schwarz (NS) Kalb-
Ramond field B. As is well-known, this coupling can be performed by substituting F by
F − B in L, i.e. by doing L(θ, F ) → L(θ, F − B) in eq. (2.13). At first order in B, this
substitution generates a coupling of the D-brane to the NS field B of the form:
∫
S7−p
d7−pθ
∫
drdt
∂ L
∂F0,r
B0,r , (2.15)
where we have assumed that only the B0,r component of the B field is turned on.
We shall regard eq. (2.15) as the interaction energy of a fundamental string source in
the presence of the D-brane. This source is extended along the radial direction and, thus,
it is quite natural to require that the coefficient of the B field, integrated over S7−p, be an
integer multiple of the fundamental string tension, namely:
∫
S7−p
d7−pθ
∂ L
∂F0,r
= nTf , (2.16)
with n ∈ ZZ . Eq. (2.16) is the quantization condition we were looking for in these RR
backgrounds and will play in our analysis a role similar to the one played in ref. [1] by
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the flux quantization condition (eq. (1.1)). Notice that eq. (2.16) constraints the electric
components of F , whereas eq. (1.1) involves the magnetic worldvolume field2. Thus, our
quantization rule is a kind of electric-magnetic dual of the one used in ref. [1]. This has a
nice interpretation in the case in which p is odd, which corresponds to the type IIB theory.
Indeed, it is known in this case that the electric-magnetic worldvolume duality corresponds
to the S-duality of the background [22]. In particular, when p = 5, the D5 background can
be converted, by means of an S-duality transformation, into a NS5 one, which is precisely
the type of geometry considered in ref. [1].
By using the explicit form of the lagrangian density (eq. (2.13)), the left-hand side of
our quantization condition can be easily calculated:
∫
S7−p
d7−pθ
∂ L
∂F0,r
= T8−p Ω7−pR
7−p
[
F0,r (sin θ)
7−p√
1 + r2 θ ′ 2 − F 20,r
− Cp(θ)
]
, (2.17)
where Ω7−p is the volume of the unit (7− p)-sphere, given by:
Ω7−p =
2π
8−p
2
Γ
(
8−p
2
) . (2.18)
By using eqs. (2.17) and (2.16) one can obtain F0,r as a function of θ(r) and the integer
n. Let us show how this can be done. First of all, by using eqs. (2.10), (2.18) and (2.2) it
is straightforward to compute the global coefficient appearing on the right-hand side of eq.
(2.17), namely:
T8−p Ω7−pR
7−p =
NTf
2
√
π
Γ
(
7−p
2
)
Γ
(
8−p
2
) . (2.19)
Secondly, let us define the function Cp,n(θ) as:
Cp,n(θ) = Cp(θ) + 2
√
π
Γ
(
8−p
2
)
Γ
(
7−p
2
) n
N
. (2.20)
Notice that Cp,n(θ) satisfies the same differential equation as Cp(θ) (eq. (2.5)) with different
initial condition. Moreover, by inspecting eqs. (2.16), (2.17) and (2.19), one easily concludes
that F0,r can be put in terms of Cp,n(θ). The corresponding expression is:
F0,r =
√√√√ 1 + r2 θ ′ 2
Cp,n(θ)2 + (sin θ)2(7−p) Cp,n(θ) . (2.21)
Let us now evaluate the energy of the system. By performing a Legendre transformation,
we can represent the hamiltonian H of the D(8-p)-brane as:
H =
∫
S7−p
d7−pθ
∫
dr
[
F0,r
∂ L
∂F0,r
− L
]
. (2.22)
2It is interesting to point out that the left-hand side of eq. (2.16) can be written in terms of the integral
over the S7−p sphere of the worldvolume Hodge dual of ∂ L/∂Fα,β.
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By using (2.21) one can eliminate F0,r from the expression of H . One gets:
H = T8−pΩ7−pR
7−p
∫
dr
√
1 + r2 θ ′ 2
√
Cp,n(θ)2 + (sin θ)2(7−p) . (2.23)
It is now simple to find the constant θ configurations which minimize the energy. Indeed,
we only have to require the vanishing of ∂ H/∂θ for θ
′
= 0. Taking into account that Cp,n(θ)
satisfies eq. (2.5), we arrive at:
∂ H
∂θ
∣∣∣∣∣
θ
′
=0
= (7− p) T8−pΩ7−pR7−p (sin θ)
7−p [ (sin θ)6−p cos θ − Cp,n(θ) ]√
Cp,n(θ)2 + (sin θ)2(7−p)
. (2.24)
Moreover, if we define the function3:
Λp,n(θ) ≡ (sin θ)6−p cos θ − Cp,n(θ) , (2.25)
it is clear by looking at the right-hand side of eq. (2.24) that the energy is minimized either
when θ = 0, π (i.e. when sin θ = 0) or when θ = θ¯p,n, where θ¯p,n is determined by the
condition:
Λp,n(θ¯p,n) = 0 . (2.26)
The solutions θ = 0, π correspond to singular configurations in which the D(8-p)-brane
collapses at the poles of the S7−p sphere. For this reason we shall concentrate on the analysis
of the θ = θ¯p,n configurations. First of all, we notice that the function Λp,n(θ) has a simple
derivative, which can be obtained from its definition and from the differential equation
satisfied by Cp,n(θ). One gets:
d
dθ
Λp,n(θ) = (6− p) (sin θ)5−p . (2.27)
It follows from eq. (2.27) that when p < 6 then d
dθ
Λp,n(θ) > 0 if θ ∈ (0, π). This means
that, for p ≤ 5, Λp,n(θ) is a monotonically increasing function in the interval 0 < θ < π. In
what follows we shall restrict ourselves to the case p ≤ 5. In order to check that eq. (2.26)
has solutions in this case, let us evaluate the values of Λp,n(θ) at θ = 0, π. From eqs. (2.25),
(2.20) and (2.6) we have:
Λp,n(0) = −Cp,n(0) = −2
√
π
Γ
(
8−p
2
)
Γ
(
7−p
2
) n
N
. (2.28)
Moreover for θ = π we can write:
Λp,n(π) = −Cp,n(π) = −Cp(π) − 2
√
π
Γ
(
8−p
2
)
Γ
(
7−p
2
) n
N
, (2.29)
and, taking into account that:
Cp(π) = −(7− p)
∫ pi
0
(sin θ)7−p dθ = −2√π
Γ
(
8−p
2
)
Γ
(
7−p
2
) , (2.30)
3The functions Λp,n(θ) for different values of p have been listed in appendix A.
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we get:
Λp,n(π) = 2
√
π
Γ
(
8−p
2
)
Γ
(
7−p
2
) ( 1 − n
N
) . (2.31)
As d
dθ
Λp,n(θ) > 0 for θ ∈ (0, π), the function Λp,n(θ) vanishes for 0 < θ < π if and only if
Λp,n(0) < 0 and Λp,n(π) > 0. From eq. (2.28) we conclude that the first condition occurs
when n > 0, whereas eq. (2.31) shows that Λp,n(π) > 0 if n < N . It follows that there
exists only one solution θ¯p,n ∈ (0, π) of eq. (2.26) for each n in the interval 0 < n < N .
Then, we have found exactly N − 1 angles which correspond to nonsingular wrappings of
the D(8-p)-brane on a S7−p sphere. Notice that for n = 0 (n = N) the solution of eq. (2.26)
is θ¯p,0 = 0 (θ¯p,N = π) (see eqs. (2.28) and (2.31)). Therefore, we can identify these n = 0, N
cases with the singular configurations previously found. In general, when n is varied from
n = 0 to n = N the angle θ¯p,n increases from 0 to π (i.e. from one of the poles of the S
8−p
sphere to the other).
It is not difficult to find the energy of these wrapped configurations. Actually we only
need to substitute θ = θ¯p,n in eq. (2.23). Taking into account (see eqs. (2.25) and (2.26))
that:
Cp,n(θ¯p,n) = ( sin θ¯p,n )6−p cos θ¯p,n , (2.32)
one easily finds that the energy of these solutions can be written as:
Hp,n =
∫
dr Ep,n , (2.33)
where the constant energy density Ep,n is given by:
Ep,n = NTf
2
√
π
Γ
(
7−p
2
)
Γ
(
8−p
2
) (sin θ¯p,n)6−p . (2.34)
Similarly, by substituting eq. (2.32) in eq. (2.21), we can get the worldvolume electric field
for our configurations, namely:
F¯0,r = cos θ¯p,n . (2.35)
Let us now analyze some particular cases of our equations. First of all, we shall consider
the p = 5 case, i.e. a D3-brane wrapped on a two-sphere under the action of a D5-brane
background. The function Λ5,n(θ) is:
Λ5,n(θ) = θ − n
N
π , (2.36)
and the equation Λ5,n(θ) = 0 is trivially solved by the angles:
θ¯5,n =
n
N
π . (2.37)
Notice that the set of angles in eq. (2.37) is the same as that of ref. [1]. Using this result in
eq. (2.34) we get the following energy density:
E5,n = NTf
π
sin
[ n
N
π
]
, (2.38)
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which is very similar to the result found in ref. [1]. Next, let us take p = 4, which corresponds
to a D4-brane wrapped on a three-sphere in the background of a stack of D4-branes. The
corresponding Λp,n(θ) function is:
Λ4,n(θ) = −2
[
cos θ + 2
n
N
− 1
]
, (2.39)
and the solutions of eq. (2.26) in this case are easily found, namely:
cos θ¯4,n = 1 − 2 n
N
. (2.40)
The corresponding energy density takes the form:
E4,n = n(N − n)
N
Tf . (2.41)
Notice that, in this D4-D4 case, the energy density of eq. (2.41) is a rational fraction of the
fundamental string tension.
For general p the equation Λp,n(θ) = 0 is much difficult to solve analytically. In order
to illustrate this point let us write down the equation to solve in the physically interesting
case p = 3:
θ¯3,n − cos θ¯3,n sin θ¯3,n = n
N
π . (2.42)
Despite of the fact that we are not able to find the analytical solution of the equation
Λp,n(θ) = 0 for p ≤ 3, we can get some insight on the nature of our solutions from some
general considerations. First of all, it is interesting to point out the following property of
the functions Λp,n(θ):
Λp,n(θ) = −Λp,N−n(π − θ) . (2.43)
Eq. (2.43) can be proved either from the definition of the Λp,n(θ)’s or from their expressions
listed in appendix A. It follows from this equation that our set of angles θ¯p,n satisfy:
θ¯p,N−n = π − θ¯p,n . (2.44)
By using (2.44) in the expression of the energy density Ep,n (eq. (2.34)), one immediately
gets the following periodicity relation:
Ep,N−n = Ep,n . (2.45)
Another interesting piece of information can be obtained by considering the semiclassical
N → ∞ limit. Notice that Λp,n depends on n and N through their ratio n/N (see eqs.
(2.25)) and (2.20)). Then, taking N → ∞ with fixed n is equivalent to make n → 0 for
finite N . We have already argued that if n → 0 the angle θ¯p,n → 0. In order to solve the
equation Λp,n(θ) = 0 for small θ, let us expand Λp,n(θ) in Taylor series around θ = 0. It
turns out [15] that the first non-vanishing derivative of Λp,n(θ) at θ = 0 is the (6− p)th one
and, actually, near θ = 0, we can write:
Λp,n(θ) ≈ Λp,n(0) + θ6−p + · · · . (2.46)
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It follows immediately that for N →∞ the value of θ¯p,n is given by:
( θ¯p,n )
6−p ≈ −Λp,n(0) . (2.47)
Taking into account eq. (2.28) and the general expression of the energy density (eq. (2.34)),
we can easily verify that:
lim
N→∞
Ep,n = nTf , (2.48)
a fact which can be verified directly for p = 4, 5 from our analytical expressions of the energy
density (eqs. (2.38) and (2.41)). It is now clear from eq. (2.48) that our configurations
can be interpreted as bound states of n fundamental strings. Actually, one can prove quite
generally that the following inequality holds:
Ep,n ≤ nTf , (2.49)
which shows that the formation of our bound states is energetically favored. This is an
indication of their stability, which we will verify directly in section 2.3.
In order to prove (2.49), it is very useful again to consider the dependence of the energy
on 1/N . Notice that for 1/N → 0 both sides of eq. (2.49) are equal (see eq. (2.48) ). The
energy Ep,n depends on 1/N both explicitly and implicitly (through θ¯p,n). If we consider 1/N
as a continuous variable, then one has:
d
d
(
1
N
) θ¯p,n = nNTf
(6− p) Ep,n sin θ¯p,n . (2.50)
Eq. (2.50) is obtained by differentiating eq. (2.26) and using eqs. (2.27) and (2.28) (the
latter determines the explicit dependence of Λp,n on 1/N). We are now ready to demonstrate
(2.49). For this purpose let us consider the quantity (Ep,n − nTf)/N , which we will regard
as a function of 1/N . We must prove that this quantity is always less or equal than zero.
Clearly, eq. (2.48) implies that (Ep,n−nTf )/N → 0 for 1/N → 0. Moreover, by using (2.50)
it is straightforward to compute the derivative:
d
d
(
1
N
)
[ Ep,n − nTf
N
]
= −nTf ( 1 − cos θ¯p,n ) , (2.51)
which vanishes for N → ∞ and is always negative for finite N and 0 < n < N . Thus, it
follows that (Ep,n − nTf)/N is negative for finite N and, necessarily, eq. (2.49) holds.
As a further check of (2.49) one can compute the first correction to Ep,n − nTf for finite
N . By Taylor expanding Ep,n in powers of 1/N , and using eq. (2.50), one can prove that:
Ep,n − nTf ≈ − 6− p
2(8− p) nTf
(
Cp,n(0)
) 2
6−p + · · · , (2.52)
where Cp,n(0), which is of order 1/N , has been given in eq. (2.28).
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2.2 BPS configurations and the baryon vertex
In this section we shall show that the wrapped configurations found above solve a BPS
differential equation. With this purpose in mind, let us now come back to the more general
situation in which the angle θ depends on the radial coordinate r. The hamiltonian for a
general function θ(r) was given in eq. (2.23). By means of a simple calculation it can be
verified that this hamiltonian can be written as:
H = T8−pΩ7−pR
7−p
∫
dr
√
Z2 + Y2 , (2.53)
where, for any function θ(r), Z is a total derivative:
Z = d
dr
[
r
(
(sin θ)6−p − Λp,n(θ ) cos θ
) ]
, (2.54)
and Y is given by:
Y = sin θΛp,n(θ ) − rθ ′
[
(sin θ)6−p − Λp,n(θ ) cos θ
]
. (2.55)
It follows from eq. (2.53) that H is bounded as:
H ≥ T8−pΩ7−pR7−p
∫
dr | Z | . (2.56)
Since Z is a total derivative, the bound on the right-hand side of eq. (2.56) only depends
on the boundary values of θ(r). This implies that any θ(r) saturating the bound is also a
solution of the equations of motion. This saturation of the bound clearly occurs when Y = 0
or, taking into account eq. (2.55), when θ(r) satisfies the following first-order differential
equation:
θ ′ =
1
r
sin θΛp,n(θ )
(sin θ)6−p − Λp,n(θ ) cos θ . (2.57)
It is straightforward to verify directly that any solution θ(r) of eq. (2.57) also solves the
second-order differential equations of motion derived from the hamiltonian of eq. (2.23).
Moreover, by using eq. (2.57) to evaluate the right-hand side of eq. (2.21), one can demon-
strate that the BPS differential equation is equivalent to the following relation between the
electric field F0,r and θ(r):
F0,r = ∂r ( r cos θ ) = cos θ − rθ ′ sin θ . (2.58)
Notice now that eq. (2.57) admits solutions with θ = constant if and only if θ = 0 , π or
when θ is a zero of Λp,n(θ ). Thus our wrapped configurations are certainly solutions of the
BPS differential equation. As a confirmation of this fact, let us point out that, for constant
θ, the electric field of eq. (2.58) reduces to the value displayed in eq. (2.35).
Eq. (2.57) was first proposed (for p = 3) in ref. [11] to describe the baryon vertex (see
also refs. [13, 14, 15]) 4. In ref. [18] it was verified, by looking at the κ-symmetry of the
4In these studies of the baryon vertex a different choice of worldvolume coordinates is performed. Instead
of taking these coordinates as in eq. (2.11), one takes σα = ( t , θ1 , · · · , θ7−p , θ ) and the embedding of
the D(8-p)-brane is described by a function r = r(σα).
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θ=θp,n
Figure 2: Representation of a typical solution of the BPS equation (2.59) for C 6= 0. In this
plot r and θ are the polar coordinates of the plane of the figure. We have also plotted the
θ = θ¯p,n curve, which is the solution of (2.59) for C = 0.
brane probe, that the condition (2.58) is enough to preserve 1/4 of the bulk supersymmetry.
Actually, following the results of ref. [15], it is not difficult to obtain the general solution of
the BPS differential equation (2.57). In implicit form this solution can be written as:
[ Λp,n(θ ) ]
1
6−p
sin θ
= C r , (2.59)
where C is a constant. Our constant angle solutions θ = θ¯p,n can be obtained from eq. (2.59)
by taking C = 0, whereas the baryon vertex solutions correspond to C 6= 0. A glance at
eq. (2.59) reveals that, by consistency, θ must be restricted to take values in an interval such
that the function Λp,n(θ ) has a fixed sign. If, for example, θ ∈ (0, θ¯p,n), then Λp,n(θ ) < 0
and, by redefining the phase of C, we get a consistent solution in which r is a non-negative
real number. Similarly, we could have θ ∈ (θ¯p,n, π) since Λp,n(θ ) > 0 for these values. In
both cases θ¯p,n is a limiting angle. Actually, for 0 < n < N one immediately infers from
eq. (2.59) that θ¯p,n is the angle reached when r → 0. The baryon vertex solutions behave
[13, 14, 15] as a bundle of fundamental strings in the asymptotic region r → ∞ (see figure
2). The number of fundamental strings is precisely n for the solution with θ ∈ (0, θ¯p,n) (and
N − n when θ ∈ (θ¯p,n, π) ). Notice that r → ∞ when θ = 0 (θ = π) for the solution with n
(N − n) fundamental strings, whereas in the opposite limit r → 0 the solution displayed in
eq. (2.59) is equivalent to our θ = θ¯p,n wrapped configuration. This is quite suggestive and
implies that one can regard our constant angle configurations as a short distance limit (in
the radial direction) of the baryon vertex solutions.
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2.3 Fluctuations and stability
We are now going to study fluctuations around the static configurations found above. Let
us parametrize these fluctuations as follows:
θ = θ¯p,n + ξ , F0,r = cos θ¯p,n + f , (2.60)
where ξ and f are small quantities which depend on the worldvolume coordinates σα. We
are going to prove in this section that the θ = θ¯p,n solution is stable under the perturbation
of eq. (2.60). In order to achieve this goal we must go back to the action written in eq. (2.9).
We shall evaluate this action for an angle θ and an electric field as in eq. (2.60). Let us
represent the perturbation f by means of a potential as f = ∂0ar − ∂ra0. We shall choose
a gauge in which the components aiˆ of the potential along the sphere S
7−p vanish. Then we
see that, for consistency, we must include in our perturbation the components of the gauge
field strength of the type Fiˆ ,r = ∂iˆ ar and F0,ˆi = −∂iˆ a0. Under these circumstances it is
not difficult to compute the lagrangian density for the action (2.9) up to second order in ξ,
f , Fiˆ ,r and F0,ˆi. After some calculation one gets:
L = −
√
gˆ R7−p T8−p Λp,n(0) f +
√
gˆ R7−p T8−p ( sin θ¯ )
6−p ×
× 1
2
{
R7−p rp−5 ( ∂0ξ )
2 − r2 ( ∂rξ )2 − ( ∂iˆ ξ )2 +
+
Rp−7 r5−p
(sin θ¯)2
[
(
R
r
)7−p
F 20, iˆ − F 2iˆ, r ] + (7− p)ξ2 +
f 2
(sin θ¯)2
+ 2(7− p) fξ
sin θ¯
}
,
(2.61)
where, to simplify the notation, we have written θ¯ instead of θ¯p,n , gˆiˆ jˆ represents the metric
of the S7−p sphere and we have denoted:
( ∂iˆ ξ )
2 = gˆ iˆ jˆ∂iˆ ξ ∂jˆ ξ , F
2
iˆ, r
= gˆ iˆjˆFiˆ, r Fjˆ, r , F
2
0 ,ˆi
= gˆ iˆjˆF0 ,ˆi F0 ,jˆ . (2.62)
In eq. (2.61) we have dropped the zero-order term. Moreover, the first term on the right-
hand side of eq. (2.61) is a first-order term which, however, does not contribute to the
equations of motion. In fact, by computing the variation of the action with respect to a0, ar
and ξ we get the following set of equations:
∂r
[ f
sin θ¯
+ (7− p) ξ
]
+
1
r2
√
gˆ
∂iˆ
[√
gˆ gˆ iˆ jˆ
F0,jˆ
sin θ¯
]
= 0 ,
rp−5R7−p∂0
[ f
sin θ¯
+ (7− p) ξ
]
− 1√
gˆ
∂iˆ
[√
gˆ gˆ iˆ jˆ
Fjˆ, r
sin θ¯
]
= 0 ,
R7−prp−5 ∂20ξ − ∂r(r2∂rξ) − ∇2S(7−p) ξ + (p− 7)
[
ξ +
f
sin θ¯
]
= 0 .
(2.63)
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The first equation in (2.63) is nothing but the Gauss law. Moreover, if we further fix the
gauge to a0 = 0 (i.e. f = ∂0ar, Fiˆ, r = ∂iˆ ar and F0,ˆi = 0), the second equation in (2.63)
can be written as:
rp−5R7−p
[ ∂20ar
sin θ¯
+ (7− p) ∂0ξ
]
− 1
sin θ¯
∇2S(7−p) ar = 0 , (2.64)
where ∇2
S(7−p)
is the laplacian operator on the S(7−p) sphere. In order to continue with our
analysis, let us now expand ar and ξ in spherical harmonics of S
(7−p):
ar( t, r, θ
1, · · · , θ7−p ) = ∑
l≥0,m
Yl,m( θ
1, · · · , θ7−p )αl,m( t, r ) ,
ξ( t, r, θ1, · · · , θ7−p ) = ∑
l≥0,m
Yl,m( θ
1, · · · , θ7−p ) ζl,m( t, r ) .
(2.65)
The spherical harmonics Yl,m are well-defined functions on S
(7−p) which are eigenfunctions
of the laplacian on the sphere, namely:
∇2S(7−p) Yl,m = −l(l + 6− p) Yl,m . (2.66)
By plugging the mode expansion (2.65) into the equations of motion (2.63) and (2.64), and
using eq. (2.66), we can obtain some equations for αl,m( t, r ) and ζl,m( t, r ). Actually, if we
define:
ηl,m ≡ ∂0αl,m
sin θ¯
+ (7− p) ζl,m , (2.67)
then, the Gauss law in this a0 = aiˆ = 0 gauge can be simply written as:
∂r ηl,m = 0 , (2.68)
whereas the other two equations of motion give rise to:
R7−p rp−5 ∂0
[ ∂0αl,m
sin θ¯
+ (7− p) ζl,m
]
+ l(l + 6− p) αl,m
sin θ¯
= 0 ,
R7−p rp−5 ∂20ζl,m − ∂r( r2 ∂r ζl,m) + l(l + 6− p) ζl,m +
+ (p− 7)
[
ζl,m +
∂0αl,m
sin θ¯
]
= 0 .
(2.69)
Let us analyze first eqs. (2.68) and (2.69) for l = 0. From the first equation in (2.69) it
follows that:
∂0η0,m = 0 . (2.70)
Thus, as ∂rη0,m = 0 (see eq. (2.68)), one concludes that:
η0,m = constant . (2.71)
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By using this result and the definition of ηl,m given in eq. (2.67), we can express ∂0 α0,m in
terms of ζ0,m and the additive constant appearing in eq. (2.71). By substituting this relation
in the second equation in (2.69), we get:
R7−p rp−5 ∂20ζ0,m − ∂r( r2 ∂r ζ0,m) + (6− p)(7− p) ζ0,m = constant . (2.72)
It is interesting to rewrite eq. (2.72) in the following form. First of all, we define the wave
operator Op that acts on any function ψ as:
Op ψ ≡ R7−p rp−5 ∂20 ψ − ∂r ( r2 ∂rψ ) . (2.73)
Then, if m20 is given by:
m20 = (6− p)(7− p) , (2.74)
eq. (2.72) can be written as:
(
Op + m20
)
ζ0,m = constant , (2.75)
which means that ζ0,m is a massive mode with mass m0. Notice that, as p < 6, m
2
0 is strictly
positive.
For a general value of l > 0 the equations of motion can be conveniently expressed in
terms of the variables ηl,m and ζl,m. Indeed, by differentiating with respect to the time the
first equation (2.69), and using the definition (2.67), we can put them in terms of ηl,m and
ζl,m. Actually, if we define the mass matrix Mp as:
Mp =

 l (l + 6− p) + (7− p) (6− p) p− 7
(p− 7) l (l + 6− p) l (l + 6− p)

 , (2.76)
the equations of motion can be written as:
(
Op + Mp
) ( ζl,m
ηl,m
)
= 0 , (2.77)
where Op is the wave operator defined in eq. (2.73). In order to check that our wrapped
configurations are stable, we must verify that the eigenvalues of the matrix Mp are non-
negative. After a simple calculation one can show that these eigenvalues are:
m2l =


(l + 6− p) (l + 7− p) for l = 0, 1, · · · ,
l (l − 1) for l = 1, 2, · · · ,
(2.78)
where we have already included the l = 0 case. Eq. (2.78) proves that there are not negative
mass modes in the spectrum of small oscillations for p < 6, which demonstrates that, as
claimed, our static solutions are stable.
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3 Flux stabilization of M5-branes
In this section we are going to describe a mechanism of flux stabilization in M-theory. We
shall consider a particular solution of the equations of motion of eleven dimensional super-
gravity which is the one associated to a stack of N parallel M5-branes. The metric of this
solution takes the form [21]:
ds2 =
r
R
(−dt2 + dx1 + · · ·+ dx25 ) +
R2
r2
(dr2 + r2 dΩ24 ) , (3.1)
where the “radius” R is given by:
R3 = πN l3p . (3.2)
In eq. (3.2) lp is the Planck length in eleven dimensions. The M5-brane solution of D=11
supergravity has also a non-vanishing value of the four-form field strength F (4), under which
the M5-branes are magnetically charged. This field strength is given by:
F (4) = 3R3 ǫ(4) . (3.3)
It is not difficult to find a three-form potential C(3) such that F (4) = dC(3). Actually, if we
decompose the S4 line element dΩ24 as in eq. (2.4) and use the same orientation conventions
as in section 2, one can readily check that C(3) can be taken as:
C(3) = −R3C4(θ)ǫ(3) , (3.4)
where C4(θ) is the function defined in eqs. (2.5) and (2.6), namely C4(θ) = cos θ sin
2 θ +
2(cos θ − 1).
We will put in this background a probe M5-brane, whose action will be given by the
so-called PST formalism [16]. The fields of this formalism include a three-form field strength
F , whose potential is a two-form field A (i.e. F = dA) and a scalar field a (the PST scalar).
The field strength F can be combined with (the pullback of) the background potential C(3)
to form the field 5 H as:
H = F − C(3) . (3.5)
Let us now define the field H˜ as follows:
H˜ ij =
1
3!
√−det g
1√
−(∂a)2
ǫijklmn ∂k aHlmn , (3.6)
where g is the induced metric on the M5-brane worldvolume. The PST action of the M5-
brane probe is:
S = TM5
∫
d6σ
[
−
√
−det(g + H˜) +
√−detg
4∂a · ∂a ∂ia (
∗H)ijkHjkl∂
la
]
+
+ TM5
∫ [
C(6) +
1
2
F ∧ C(3)
]
, (3.7)
5We hope that this field H will not be confused with the hamiltonian.
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where ∗H denotes the Hodge dual of H , C(6) is (the pullback of) the 6-form potential dual
to C(3), and the M5-brane tension is given by:
TM5 =
1
(2π)5 l6p
. (3.8)
We will extend our M5-brane probe along the directions transverse to the M5-branes of
the background and along one of the directions parallel to them. Without loss of generality
we will take the latter to be the x5 direction. Accordingly, our worldvolume coordinates σα
will be taken to be:
σα = ( t, r, x5, θ1, θ2, θ3) , (3.9)
and the embedding of the M5-brane probe is determined by a function θ = θ( σα ). As in
the case of the RR background, we shall mainly look for solutions with θ = constant, which
represent a M5-brane wrapped on a three-sphere and extended along the r and x5 directions.
As discussed in ref. [16], the scalar a is an auxiliary field which can be eliminated from
the action by fixing its gauge symmetry. The price one must pay for this gauge fixing is the
loss of manifest covariance. A particularly convenient choice for a is:
a = x5 . (3.10)
In this gauge the components of the worldvolume potential A with x5 as one of its indices
can be gauge fixed to zero [16]. Moreover, if we consider configurations of A and of the
embedding angle θ which are independent of x5, one readily realizes that the components of
the three-forms F and H along x5 also vanish and, as a consequence, only the square root
term of the PST action (3.7) is non-vanishing. As we will verify soon this constitutes a great
simplification.
3.1 Quantization condition and M5-brane configurations
In order to find stable S3-wrapped configurations of the M5-brane probe, we need to switch
on a non-vanishing worldvolume field which could prevent the collapse to one of the poles
of the S3. As in section 2 (and ref. [1]) the value of this worldvolume field is determined by
some quantization condition which can be obtained by coupling the M5-brane to an open
M2-brane.
Let us consider an open M2-brane with worldvolume given by a three-manifold Σ whose
boundary ∂Σ lies on the worldvolume of an M5-brane. For simplicity we shall consider the
case in which ∂Σ has only one component (see figure 3). Clearly, ∂Σ is also the boundary
of some disk D on the worldvolume of the M5-brane. Let Σˆ be a four-manifold whose
boundaries are Σ and D, i.e. ∂Σˆ = Σ + D. The coupling of the brane to the supergravity
background and to the M5-brane is described by an action of the form:
Sint [ Σˆ, D ] = TM2
∫
Σˆ
F (4) + TM2
∫
D
H , (3.11)
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S 3
D'
Σ
D
Figure 3: An M2-brane with worldvolume Σ having its boundary on the worldvolume of an
M5-brane. If Σ is attached to a submanifold of the M5-brane worldvolume with the topology
of S3, there are two possible disks D and D′ on the S3 whose boundary is ∂Σ.
where TM2 is the tension of the M2-brane, given by:
TM2 =
1
(2π)2 l3p
. (3.12)
In a topologically trivial situation, if we represent F (4) as dC(3) and F = dA, the above
action reduces to the more familiar expression:
Sint = TM2
∫
Σ
C(3) + TM2
∫
∂D
A . (3.13)
We shall regard eq. (3.11) as the definition of the interaction term of the M2-brane
action. Notice that, in general, Σˆ and D are not uniquely defined. To illustrate this point
let us consider the case in which we attach the M2-brane to a M5-brane worldvolume which
has some submanifold with the topology of S3. This is precisely the situation in which we
are interested in. As illustrated in figure 3, we have two possible elections for the disk in
eq. (3.11) namely, we can choose the “internal” disk D or the “external” disk D′. Changing
D → D′, the manifold Σˆ changes to Σˆ′, with ∂Σˆ′ = Σ+D′ and, in general, Sint also changes.
However, in the quantum-mechanical theory, the action appears in a complex exponential of
the form exp[ i Sint ]. Thus, we should require that:
eiSint [ Σˆ,D ] = eiSint [ Σˆ
′,D′ ] . (3.14)
The condition (3.14) is clearly equivalent to:
Sint [ Σˆ
′, D′ ] − Sint [ Σˆ, D ] = 2πn , (3.15)
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with n ∈ ZZ . The left-hand side of eq. (3.15) can be straightforwardly computed from eq.
(3.11). Actually, if Bˆ is the 4-ball bounded by D′ ∪ (−D) = S3, one has:
Sint [ Σˆ
′, D′ ] − Sint [ Σˆ, D ] = TM2
∫
Bˆ
F (4) + TM2
∫
∂Bˆ
H . (3.16)
Using this result in eq. (3.15), we get the condition:∫
Bˆ
F (4) +
∫
∂Bˆ
H =
2πn
TM2
, n ∈ ZZ . (3.17)
If F (4) can be represented as dC(3) on Bˆ, the first integral on the left-hand side of eq. (3.17)
can be written as an integral of C(3) over ∂Bˆ = S3. Our parametrization of C(3) (eq. (3.4))
is certainly non-singular if we are outside of the poles of the S4. If this is the case we get
the quantization condition: ∫
S3
F =
2πn
TM2
, n ∈ ZZ . (3.18)
Eq. (3.18), which is the M-theory analogue of eq. (1.1), is the quantization condition we
were looking for. It is very simple to obtain a solution of this equation. Let us take F
proportional to the volume element ǫ(3) of the S
3. Taking into account that the volume of
the unit three-sphere is Ω3 = 2π
2 (see eq. (2.18)), we can write down immediately the
following solution of eq. (3.18):
F =
n
πTM2
ǫ(3) . (3.19)
We can put this solution in a more convenient form if we use the following relation between
the M2-brane tension and the radius R:
TM2 =
N
4πR3
, (3.20)
which follows from eqs. (3.2) and (3.12). By using eq. (3.20), one can rewrite eq. (3.19) as:
F = 4R3
n
N
ǫ(3) . (3.21)
We can use the ansatz (3.21) and the potential C(3) of eq. (3.4) to compute the three-form
field H of eq. (3.5). It turns out that the result for H can be written in terms of the function
C4,n(θ) defined in eq. (2.20). One gets:
H = R3 C4,n(θ) ǫ(3) . (3.22)
Let us now assume that the angle θ characterizing the M5-brane embedding only depends
on the radial coordinate r and, as before, let us denote by θ′ to the derivative dθ/dr. As was
mentioned above, in the a = x5 gauge and for this kind of embedding, only the first term
of the PST action (3.7) is non vanishing and, as a consequence, all the dependence on H of
this action comes through the field H˜ defined in eq. (3.6). Actually, the only non-vanishing
component of H˜ is:
H˜0r = − i
(sin θ)3
√
R
r
√
1 + r2θ′2 C4,n (θ) . (3.23)
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After a simple calculation one can obtain the induced metric g and, using eq. (3.23), the
lagrangian density of the M5-brane. The result is:
L = −TM5R3
√
gˆ
√
1 + r2θ′2
√
(sin θ)6 + ( C4,n(θ) )2 , (3.24)
where gˆ is the determinant of the metric of a unit 3-sphere. Notice the close similarity of
this result and the hamiltonian density of eq. (2.23) for p = 4, i.e. for the D4-D4 system.
Indeed, it is immediate to check that the solutions with constant θ are the same in both
systems, i.e. θ = θ¯4,n with 0 < n < N , where θ¯4,n is given in eq. (2.40) (for n = 0, N we have
the singular solutions with θ = 0, π). This result is quite natural since the D4-D4 system can
be obtained from the M5-M5 one by means of a double dimensional reduction along the x5
direction. The energy density for these solutions can be easily obtained from the lagrangian
(3.24). One gets:
EM5n =
n(N − n)
N
TM2 , (3.25)
which, again, closely resembles the D4-D4 energy of eq. (2.41). In particular EM5n → nTM2
as N →∞, which implies that, semiclassically, our configurations can be regarded as bound
states of M2-branes. Moreover, one can check that eq. (2.57) with p = 4 is a BPS condition
for the M5-brane system. The integration of this equation can be read from eq. (2.59) and
represents a baryonic vertex in M-theory [18], n being the number of M2-branes which form
the baryon at r → ∞. The θ = θ¯4,n solution can be obtained as the r → 0 limit of the
M-theory baryon, in complete analogy with the analysis at the end of section 2.2.
3.2 Fluctuations and stability
We will now perturb our static solution in order to check its stability. As in section 2.3,
we must allow the angle θ to deviate from θ¯4,n and the worldvolume field strength F to
vary from the value displayed in eq. (3.21). The best way to find out which components
of F must be included in the perturbation is to choose a gauge. As F in eq. (3.21) has
only components along the sphere S3, one can represent it by means of a potential A¯iˆ jˆ
which also has component only on S3 (in what follows indices along S3 will be denoted
with a hat). Accordingly, the perturbation of F will be parametrized as a fluctuation of the
S3-components of the potential A. Thus, we put:
θ = θ¯4,n + ξ , Aiˆ jˆ = A¯iˆ jˆ + αiˆ jˆ , (3.26)
where ξ and αiˆ jˆ are small. For simplicity we shall assume that ξ and the αiˆ jˆ ’s do not depend
on x5. Using the parametrization of A in eq. (3.26), it is clear that the S3-components of
the three-form field H can be written as:
Hiˆ jˆ kˆ = R
3 [ C4,n(θ) + f ]
ǫˆi jˆ kˆ√
gˆ
, (3.27)
where f can be put in terms of derivatives of the type ∂iˆ αjˆ kˆ. In eq. (3.27) gˆ is the
determinant of the metric of the S3 and we are using the convention ǫ1ˆ 2ˆ 3ˆ = ǫ1ˆ 2ˆ 3ˆ /gˆ = 1.
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As αiˆ jˆ in (3.26) depends on t and r, it follows that we have now non-zero components
H0ˆi jˆ = ∂0 αiˆ jˆ and Hriˆ jˆ = ∂r αiˆ jˆ . Thus, in the gauge (3.10), the non-vanishing components
of H˜ are H˜0r, H˜0ˆi and H˜riˆ. To the relevant order, these components take the values:
H˜0r = −i
√
R
r
cot θ¯ +
i
(sin θ¯)2
√
R
r
(
3ξ − f
sin θ¯
)
− 3i cos θ¯
(sin θ¯)3
√
R
r
(
2ξ2 − ξ f
sin θ¯
)
+
+
i
2
R2 cot θ¯
[√
R3
r3
(∂tξ)
2 −
√
r3
R3
(∂rξ)
2
]
+
i
2
√
R
r
cos θ¯
(sin θ¯)3
(∂iˆξ)
2 ,
H˜0ˆi =
i
2R sin θ¯
√
r3
R3
gˆiˆ jˆ
ǫjˆ lˆ mˆ√
gˆ
Hr lˆ mˆ ,
H˜riˆ =
i
2R sin θ¯
√
R3
r3
gˆiˆ jˆ
ǫjˆ lˆ mˆ√
gˆ
H0 lˆ mˆ , (3.28)
with θ¯ ≡ θ¯4,n. Using these results we can compute the lagrangian for the fluctuations. After
some calculation one arrives at:
L = −
√
gˆ R3 TM5 cos θ¯ f +
√
gˆ R3 TM5 ( sin θ¯ )
2 ×
× 1
2
[
R3r−1(∂tξ)
2 − r2 (∂rξ)2 − (∂iˆξ)2 +
1
2R3r(sin θ¯)2
(H0jˆ kˆ)
2 −
− r
2
2R6(sin θ¯)2
(Hrjˆ kˆ)
2 − 6ξ2 − f
2
(sin θ¯)2
+ 6
fξ
sin θ¯
]
,
(3.29)
where (H0jˆ kˆ)
2 and (Hrjˆ kˆ)
2 are contractions with the metric of the S3. In eq. (3.29) we have
kept terms up to second order and we have dropped the zero-order term.
The analysis of the equations of motion derived from eq. (3.29) is similar to the one
performed in section 2.3. For this reason we will skip the details and will give directly the
final result. Let us expand f and ξ is spherical harmonics of S3 as in eq. (2.65) and let
fl,m(t, r) and ζl,m(t, r) denote their modes respectively. The equations of motion of these
modes can be written as:
(
R3r−1∂20 − ∂r r2 ∂r + M4
)  ζl,m
fl,m
sin θ¯

 = 0 , (3.30)
where the mass matrixM4 is the same as that corresponding the D4-D4 system (i.e. the one
of eq. (2.76) for p = 4). Notice that the wave operator on the left-hand side of eq. (3.30)
is formally the same as O4 in eq. (2.73) (although the radius R is not the same quantity
in both cases). Thus, the eigenvalues of the mass matrix are non-negative and, actually,
the same as in the D4-D4 system. Therefore our static M-theory configurations are indeed
stable.
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4 The D3-brane in a (p, q) fivebrane background
We are now going to study the motion of a D3-brane probe in a background of a stack of
fivebranes which are charged under both the NS and RR three-form fields strengths of type
IIB supergravity. This background was obtained in ref. [19] by exploiting the S-duality of
type IIB supergravity and is characterized by two coprime integers p and q, and we will refer
to it as the (p, q) fivebrane background. It can be regarded as the one created by an object
which is a bound state of p NS5-branes and q D5-branes. In particular, for (p, q) = (1, 0) the
corresponding NS5-D3 system is the analogue of the one studied in ref. [1] in the type IIB
theory . If, on the other hand, we take (p, q) = (0, 1) we recover the D5-D3 problem studied
in section 2.
In order to describe the background, following ref. [19], let us introduce some notations.
First of all we define the quantity:
µ(p,q) = p
2 + ( q − pχ0 )2 g2s , (4.1)
where χ0 is the asymptotic value of the RR scalar. The “radius” R(p,q) for a stack of N (p, q)
fivebranes is defined in terms of µ(p,q) as:
R2(p,q) = N
[
µ(p,q)
] 1
2 α′ . (4.2)
We will use R(p,q) to define the near-horizon harmonic function:
H(p,q)(r) =
R2(p,q)
r2
. (4.3)
The near-horizon metric, in the string frame, for the stack of (p, q) fivebranes can be written
as:
ds2 =
[
h(p,q)(r)
]− 1
2
[ [
H(p,q)(r)
]− 1
4 (−dt2 + dx2‖ ) +
[
H(p,q)(r)
]3
4 ( dr2 + r2 dΩ23 )
]
, (4.4)
where the function h(p,q)(r) is given by:
h(p,q)(r) =
µ(p,q)
p2
[
H(p,q)(r)
]1
2 + ( q − pχ0 )2 g2s
[
H(p,q)(r)
]− 1
2
. (4.5)
To simplify the equations that follow we shall take from now on gs = 1 and χ0 = 0. (The
dependence on gs and χ0 can be easily restored). Other fields of this background include the
dilaton:
e−φ = h(p,q)(r) , (4.6)
and the RR scalar:
χ =
pq
µ(p,q)
( [
H(p,q)(r) ]
1
2 − [H(p,q)(r) ]−
1
2
)
h(p,q)(r) . (4.7)
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In addition we have non-zero NS and RR three-form field strengths. Let us call B and C(2)
to their two-form potentials respectively. If we take coordinates on the three-sphere as in
eq. (2.4), this potentials can be taken as:
B = −pNα′ C5(θ) ǫ(2) , C(2) = −qNα′ C5(θ) ǫ(2) , (4.8)
where C5(θ) is the function defined in eqs. (2.5) and (2.6), i.e. C5(θ) = sin θ cos θ − θ.
The action of a D3-brane probe in the above background is the sum of the Dirac-Born-
Infeld and Wess-Zumino terms. The latter now includes the coupling of the brane to the RR
potential C(2) and to the RR scalar χ:
S = −T3
∫
d4σ e−φ
√
−det(g + F) + T3
∫ [
F ∧ C(2) + 1
2
χF ∧ F
]
, (4.9)
with F being:
F = dA − B = F − B . (4.10)
4.1 Quantization conditions
The analysis of the action (4.9) for the (p, q) fivebrane background was performed in ref. [23]
(for the NS5-D3 system see refs. [24, 25]). Here we shall choose our worldvolume coordinates
as in (2.11) and we will look for solutions of the equations of motion with constant θ. Notice
that, as now our background contains non-zero NS and RR forms, it is natural to expect
that the worldvolume gauge field F has both electric and magnetic components. The latter
can be determined by means of the flux quantization condition (1.1), whereas the electric
wordlvolume field is constrained by the condition (2.16). Accordingly we shall first require
that: ∫
S2
F =
2πn1
Tf
, (4.11)
with n1 ∈ ZZ . It is rather simple to solve this condition. We only have to take F as:
F = πn1α
′ǫ(2) + F0,rdt ∧ dr , (4.12)
where we have assumed that the electric worldvolume field has only components along the
radial direction. By using the definition of F in eq. (4.10) and the expression of the B field
in eq. (4.8), one easily verifies that eq. (4.12) is equivalent to the following expression for F :
F = f12(θ)ǫ(2) + F0,rdt ∧ dr , (4.13)
with f12(θ) being:
f12(θ) ≡ pNα′C5(θ) + πn1α′ . (4.14)
As in our previous examples, let us assume that the angle θ depends only on the radial
coordinate r. By substituting the ansatz (4.13) in eq. (4.9), one can find the form of the
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lagrangian density:
L(θ, F ) = −T3
√
gˆ
[√
r4
[
H(p,q)(r)
] 3
2 (sin θ)4 + e−φ f12(θ)2 ×
×
√[
H(p,q)(r)
]1
2 (1 + r2θ′2) − e−φ F 20,r +
+ (qNα′C5(θ) − χf12(θ))F0,r
]
, (4.15)
where gˆ is the determinant of the metric of a unit S2. Next, we make use of the electric
quantization condition (2.16) and require that:
∫
S2
d2 θ
∂L
∂F0,r
= n2 Tf , (4.16)
where n2 is another integer. By plugging the lagrangian density (4.15) into (4.16), one can
obtain F0,r as a function of θ(r) and of the integers n1 and n2. Actually, one can eliminate
in this way F0,r from the expression of the hamiltonian H , which can be obtained from L by
means of a Legendre transformation (see eq. (2.22)). The resulting hamiltonian can be put
in the form:
H = T3Ω2
∫
dr
√
1 + r2θ′2 ×
×
√
R4(p,q) (sin θ)
4 + [µ(p,q)]−1[ (pf12(θ) + qΠ(θ))
2 +H(p,q)(r)(qf12(θ)− pΠ(θ))2 ] ,
(4.17)
where Π(θ) is the function:
Π(θ) ≡ qNα′C5(θ) + πn2α′ . (4.18)
The solutions of the equations of motion with θ = constant can be obtained by solving
the equation ∂H/∂θ = 0 for θ′ = 0. A glance at the right-hand side of eq. (4.17) reveals
immediately that these solutions only exist if the r-dependent term inside the square root
in (4.17) is zero. We thus get the condition:
qf12(θ) = pΠ(θ) , (4.19)
which, after using eqs. (4.14) and (4.18), is equivalent to the following relation between the
integers n1 and n2:
qn1 = pn2 . (4.20)
But, as p and q are coprime integers, the only possibility to fulfill eq. (4.20) is that n1 and
n2 be of the form:
n1 = p n , n2 = qn , (4.21)
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with n ∈ ZZ . Thus our two quantization integers n1 and n2 are not independent and they
can be put in terms of another integer n. By using the relations (4.21), one can rewrite
f12(θ) and Π(θ) in terms of n:
f12(θ) = pNα
′ C5,n(θ) , Π(θ) = qNα′ C5,n(θ) , (4.22)
where C5,n(θ) is the function defined in eq. (2.20). If we now substitute these expressions
into the hamiltonian (4.17), we get the following expression of H :
H = T3 Ω2R
2
(p,q)
∫
dr
√
1 + r2θ′2
√
(sin θ)4 +
(
C5,n(θ)
)2
. (4.23)
Apart from a global coefficient, this hamiltonian is the same as the one in eq. (2.23) for
the D5-brane background. Thus, the energy is clearly minimized for θ = θ¯5,n, where the
θ¯5,n’s are the angles written in eq. (2.37) . The energy densities for these angles are easily
computed from eq. (4.23). One gets:
E (p,q)5,n =
NT(q,p)
π
sin
[ n
N
π
]
, (4.24)
where T(q,p) is the tension of the (q, p)-string which, for arbitrary values of gs and χ0, is given
by:
T(q,p) =
√√√√(q − pχ0)2 + p2
g2s
Tf . (4.25)
By comparing eqs. (2.38) and (4.24) it follows that E (p,q)5,n can be obtained from E5,n by
substituting Tf by T(q,p). In particular, if N → ∞ the energy density E (p,q)5,n equals nT(q,p)
and, thus, the configurations we have found can be regarded as bound states of n (q, p)-
strings. It is also easy to get the worldvolume electric field F¯0,r of our solutions. It takes the
form:
F¯0,r =
(q − pχ0)gs√
p2 + (q − pχ0)2g2s
cos
[ n
N
π
]
. (4.26)
It is also clear from the expression of the hamiltonian in (4.23) that one can represent it as in
eq. (2.53) and, as a consequence, one can find a bound for the energy whose saturation gives
rise to a BPS condition. As the only difference between the hamiltonian (4.23) and that of eq.
(2.23) for the D5-brane is a global coefficient, it follows that the BPS differential equation
is just the one displayed in eq. (2.57) for p = 5. Its solution is given in eq. (2.59) and,
again, includes our wrapped configurations as particular cases. Moreover, these θ = θ¯p,n
configurations can be regarded as the r → 0 limit of the general solution. Actually, in ref.
[23] the condition (4.19) and the form (4.23) of the hamiltonian were obtained by using the
S-duality of the worldvolume action. It was also checked in this reference that the D3-brane
configurations which saturate the bound preserve 1/4 of the bulk supersymmetry.
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4.2 Stability
The static configurations of the D3-brane studied above are stable under small perturba-
tions, as one can check following the same steps as in sections 2.3 and 3.2. First of all, we
parametrize the angle fluctuations as:
θ = θ¯5,n + ξ , (4.27)
whereas the gauge field fluctuates as:
F = [ f12(θ) + g ] ǫ(2) + [ F¯0,r + f ] dt ∧ dr . (4.28)
The angle fluctuation ξ and the electric (magnetic) field fluctuation f (g) are supposed to be
small and only terms up to second order are retained in the lagrangian. The corresponding
equations of motion involve now the wave operator O(p,q)5 , which acts on any function ψ as:
O(p,q)5 ψ ≡ R2(p,q) ∂20 ψ − ∂r(r2∂rψ) . (4.29)
Notice that O(p,q)5 is obtained from O5 in eq. (2.73) by means of the substitution R→ R(p,q).
Let us combine ξ, f and g into the field η, defined as:
η ≡ 1
p2H(p,q)(r) + q2 sin
2 θ¯5,n
×
×
[
[µ(p,q)]
1
2 ( q sin θ¯5,n f − p
r2
g ) + 2q2 sin2 θ¯5,n ξ
]
, (4.30)
and let us expand ξ and η is spherical harmonics of S2. If ζl,m and ηl,m denote their modes
respectively, one can prove after some calculation that the equations of motion for ζl,m and
ηl,m can be written as: (
O(p,q)5 + M5
) ( ζl,m
ηl,m
)
= 0 . (4.31)
In eq. (4.31)M5 is the matrix defined in eq. (2.76), whose eigenvalues, as proved in section
2.3, are always non-negative. There is also a decoupled mode σ, whose expression in terms
of ξ, f and g is:
σ ≡ sin θ¯5,n
r[ p2H(p,q)(r) + q2 sin
2 θ¯5,n ]
×
×
[
[µ(p,q)]
1
2 ( q sin θ¯5,n g − pR2(p,q) f ) − 2pq R2(p,q) sin θ¯5,n ξ
]
. (4.32)
The equation of motion of σ can be written as:(
O(p,q)5 + l(l + 1)
)
σl,m = 0 , (4.33)
where σl,m are the modes of the expansion of σ in S
2-spherical harmonics. It is evident
from eq. (4.33) that the mass eigenvalues of σl,m are non-negative, which confirms that the
configurations around which we are expanding are stable.
26
5 Summary and discussion
In this paper we have studied certain configurations of branes which are partially wrapped
on spheres. These spheres are placed on the transverse region of some supergravity back-
ground, and their positions, characterized by a polar angle which measures their latitude in
a system of spherical coordinates, are quantized and given by a very specific set of values.
We have checked that our configurations are stable by analyzing their behaviour under small
fluctuations and, by studying their energy, we concluded that they can be regarded as a
bound state of strings or, in the case of the M5-M5 system, M2-branes. We have verified
this fact explicitly in appendix B for the case of a wrapped D3-brane in the background of a
NS5-brane. Indeed, we have proved that, by embedding a D1-brane in a fuzzy two-sphere in
the NS5-brane background, one obtains exactly the same energies and allowed polar angles
as for a wrapped D3-brane in the same geometry. Clearly, a similar description of all the
cases studied here would be desirable and would help to understand more precisely the roˆle
of noncommutative geometry in the formation of these bound states. In this sense it is inter-
esting to point out that the polarization of multiple fundamental strings in a RR background
was studied in ref. [26]
Contrary to ref. [1], the problems treated here do not have a CFT description to compare
with. Thus, we do not know to what extent we can trust our Born-Infeld results. However,
one could argue that we have followed the same methodology as in ref. [1] and, actually,
our configurations can be connected to the ones in [1] by string dualities. Moreover, the
BPS nature of our configurations make us reasonably confident of the correctness of our
conclusions.
The presence of a non-trivial supergravity background is of crucial importance in our
analysis. Indeed, these backgrounds induce worldvolume gauge fields on the brane probes,
which prevent their collapse. The stabilization mechanisms found here are a generalization
of the one described in refs. [1, 2], and are based on a series of quantization rules which
determine the values of the worldvolume gauge fields. We have reasons to believe that
our results are generic and can be extended to other geometries such as, for example, the
ones generated by the Dp-D(p-2) bound states [27]. Another interesting question is the
implications of our results in a holographic description of gauge theories. In our opinion the
study of these topics could enrich our knowledge of the brane interaction dynamics.
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APPENDIX A
In this appendix we collect the expressions of the functions Λp,n(θ) for 0 ≤ p ≤ 5. They
are:
Λ0,n(θ) = −2
5
[
cos θ
(
3 sin4 θ + 4 sin2 θ + 8
)
+ 8
(
2
n
N
− 1
) ]
,
Λ1,n(θ) = −5
4
[
cos θ
(
sin3 θ +
3
2
sin θ
)
+
3
2
( n
N
π − θ
) ]
,
Λ2,n(θ) = −4
3
[
cos θ
(
sin2 θ + 2
)
+ 2
(
2
n
N
− 1
) ]
,
Λ3,n(θ) = −3
2
[
cos θ sin θ +
n
N
π − θ
]
,
Λ4,n(θ) = −2
[
cos θ + 2
n
N
− 1
]
,
Λ5,n(θ) = θ − n
N
π . (A.1)
The functions Cp,n(θ) and Cp(θ) can be easily obtained from (A.1) by using their relation
with the Λp,n(θ)’s (see eqs. (2.25) and (2.20)).
APPENDIX B
In this appendix we will show how one can represent the wrapped branes studied in the
main text as a bound state of strings. We will make use of the Myers polarization mechanism
[20], in which the strings are embedded in a noncommutative space. Actually, we will only
consider a particular case of those analyzed in sects. 2-4, namely the one of section 4 with
p = 1, q = χ0 = 0, i.e. the D3-brane in the background of the NS5-brane. For convenience
we will choose a new set of coordinates to parametrize the space transverse to the NS5.
Instead of using the radial coordinate r and the three angles θ1, θ2 and θ (see eq. (2.4)),
we will work with four cartesian coordinates z, x1, x2, x3, which, in terms of the spherical
coordinates, are given by:
z = r cos θ ,
x1 = r sin θ cos θ2 ,
x2 = r sin θ sin θ2 cos θ1 ,
x2 = r sin θ sin θ2 sin θ1 . (B.1)
Conversely, r and θ can be put in terms of the new coordinates as follows:
r =
√
(z)2 + (x1)2 + (x2)2 + (x3)2 ,
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tan θ =
√
(x1)2 + (x2)2 + (x3)2
z
. (B.2)
In what follows some of our expressions will contain r and θ. It should be understood that
they are given by the functions of ( z, xi ) written in eq. (B.2). The near-horizon metric and
the dilaton for a stack of N NS5-branes are (see eqs. (4.4) and (4.6)):
ds2 = −dt2 + dx2‖ +
Nα′
r2
(
(dz)2 + (dx1)2 + (dx2)2 + (dx3)2
)
,
e−φ =
r√
Nα′
. (B.3)
Moreover, the non-vanishing components of the B field in the new coordinates can be ob-
tained from eq. (4.8). They are:
Bxixj = Nα
′ C5(θ)
r3 sin3 θ
ǫijk x
k . (B.4)
According to our analysis of section 4, the wrapped D3-brane in this background can be
described as a bound state of D1-branes. Thus it is clear that we must consider a system
of n D1-branes, moving in the space transverse to the stack of N Neveu-Schwarz fivebranes.
We will employ a static gauge where the two worldsheet coordinates will be identified with
t and z. The Myers proposal for the action of this system is:
SD1 = −T1
∫
dtdz STr
[
e−φ
√
−det
(
P [Eab + Eai (Q−1 − δ )ij Ejb] + λFab
)
det
(
Qij
) ]
,
(B.5)
where we are adopting the conventions of ref. [20]. In eq. (B.5) λ = 2πα′ = 1/Tf , Fab is the
worldsheet gauge field strength (which we will assume that is zero in our case), P denotes
the pullback of the spacetime tensors to the D1-brane worldsheet and STr represents the
Tseytlin symmetrized trace of matrices [28]. The indices a, b, · · · correspond to directions
parallel to the worldsheet (i.e. to t and z), whereas i, j · · · refer to directions transverse to
the D1-brane probe. The tensor Eµν is defined as:
Eµν = Gµν + Bµν , (B.6)
where Gµν is the background metric. Let φ
i denote the transverse scalar fields, which are
matrices taking values in the adjoint representation of U(n). Then Qij is defined as:
Qij = δ
i
j + iλ [φ
i , φk ]Ekj . (B.7)
As in ref. [20], transverse indices are raised with Eij, where Eij denotes the inverse of Eij ,
i.e. EikEkj = δ
i
j .
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Let us now make the standard identification between the transverse coordinates xi and
the scalar fields φi, namely:
xi = λφi . (B.8)
Notice that, after the identification (B.8), the xi’s become noncommutative coordinates
represented by matrices. Actually, as in ref. [20], we will make the following ansatz for the
scalar fields:
φi =
f
2
αi , (B.9)
where f is a c-number to be determined and the αi’s are n × n matrices corresponding to
the n-dimensional irreducible representation of su(2):
[αi , αj ] = 2iǫijk α
k . (B.10)
As the quadratic Casimir of the n-dimensional irreducible representation of su(2) is n2 − 1,
we can write:
(α1)2 + (α2)2 + (α3)2 = (n2 − 1) In , (B.11)
where In is the n× n unit matrix. By using eqs. (B.8) and (B.9) in (B.11), we get:
(x1)2 + (x2)2 + (x3)2 =
λ2 f 2
4
(n2 − 1) In , (B.12)
which shows that, with our ansatz, the xi’s are coordinates of a fuzzy two-sphere of radius
λ f
√
n2 − 1/2. On the other hand, if we treat the xi’s as commutative coordinates, it is easy
to conclude from eqs. (B.1) and (B.2) that the left-hand side of (B.12) is just (r sin θ)2. In
view of this, when the xi’s are non-commutative we should identify the expression written
in eq. (B.12) with (r sin θ)2 In. Thus, we put:
f
2
=
r sin θ
λ
√
n2 − 1 . (B.13)
Notice that, as can be immediately inferred from eq. (B.2), r and θ depend on the xi’s
through the sum
∑
i (x
i)2, which is proportional to the su(2) quadratic Casimir. Then,
as matrices, r and θ are multiple of the unit matrix and, thus, we can consider them as
commutative coordinates. This, in particular, means that the elements of the metric tensor
Gµν are also commutative, whereas, on the contrary, the components of the B field have a
non-trivial matrix structure. By substituting our ansatz in eqs. (B.3) and (B.4), we get the
following expression for the transverse components of the Eµν tensor:
Eij =
Nα′
r2
[
δij +
1√
n2 − 1
C5(θ)
sin2 θ
ǫijk α
k
]
. (B.14)
The quantities Qij, defined in eq. (B.7), can be readily obtained from eq. (B.14), namely:
Qij =
(
1 +
N
π
C5(θ)√
n2 − 1
)
δij −
N
π
C5(θ)
(n2 − 1)3/2 α
j αi − N
π
sin2 θ
n2 − 1 ǫijk α
k . (B.15)
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In order to compute the pullback appearing in the first determinant of the right-hand side of
eq. (B.5), we need to characterize the precise embedding of the D1-brane in the transverse
non-commutative space. Actually, it is straightforward to write our ansatz for the xi’s as:
xi = z
tan θ√
n2 − 1 α
i . (B.16)
Moreover, the kind of configurations we are looking for have constant θ angle. Thus, eq.
(B.16) shows that, in this case, the xi’s are linear functions of the worldsheet coordinate z.
By using this result it is immediate to find the expression of the first determinant in (B.5).
One gets:
− det
(
P [Eab + Eai (Q
−1 − δ )ij Ejb]
)
=
Nα′
r2
+
tan2 θ
n2 − 1 α
i
[
Q−1
]
ij
αj , (B.17)
where Q−1 satisfies Qij
[
Q−1
]
jk
= δik with Q
ij being:
Qij = Eij + iλ [φi , φj ] . (B.18)
As expected on general grounds, a system of D-strings can model a D3-brane only when the
number n of D-strings is very large. Thus, if we want to make contact with our results of
section 4, we should consider the limit in which n → ∞ and keep only the leading terms
in the 1/n expansion. Therefore, it this clear that, in this limit, we can replace n2 − 1 by
n2 in all our previous expressions. Moreover, as argued in ref. [20], the leading term in a
symmetrized trace of α’s of the form STr( (αiαi)m ) is n(n2)m. Then, at leading order in 1/n,
one can make the following replacement inside a symmetrized trace:
αiαi → n2 In . (B.19)
With this substitution the calculation of the action (B.5) drastically simplifies. So, for
example, by using (B.15), one can check that, in the second term under the square root of
(B.5), we should make the substitution:
det
(
Qij
)
→
(
N
πn
)2 [
( sin θ)4 + (C5(θ) +
πn
N
)2
]
In . (B.20)
Moreover, as C5,n(θ) = C5(θ) + pinN , eq. (B.20) is equivalent to:
det
(
Qij
)
→
(
N
πn
)2 [
( sin θ)4 + ( C5,n(θ) )2
]
In . (B.21)
We must now perform the substitution (B.19) on the right-hand side of eq. (B.17). First
of all, we must invert the matrix of eq. (B.18). Actually, it is not difficult to obtain the
expression of Eij . After some calculation one gets:
Eij =
r2
Nα′
sin4 θ
sin4 θ +
(
C5(θ) )2
[
δij +
(
C5(θ) )
2
n2 sin4 θ
αi αj − C5(θ)
n sin2 θ
ǫijk α
k
]
. (B.22)
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Plugging this result on the right-hand side of eq. (B.18), and adding the commutator of the
scalar fields, one immediately obtains Qij . By inverting this last matrix one arrives at the
following expression of [Q−1]ij:
[Q−1]ij =
Nα′
r2
sin4 θ +
(
C5(θ) )
2
(1 + a2) sin4 θ
[
δij +
a2 − b
n2(1 + b)
αi αj +
a
n
ǫijk α
k
]
, (B.23)
where, at leading order, a and b are given by:
a =
N
πn sin2 θ
[
sin4 θ + C5(θ) C5,n(θ)
]
, b =
(
C5(θ) )
2
sin4 θ
. (B.24)
By contracting [Q−1]ij with α
iαj and applying the substitution (B.19), one gets a remarkably
simple result:
αi
[
Q−1
]
ij
αj → n2 Nα
′
r2
In . (B.25)
By using eq. (B.25), one immediately concludes that we should make the following substi-
tution:
− det
(
P [Eab + Eai (Q
−1 − δ )ij Ejb]
)
→ Nα
′
r2 cos2 θ
In . (B.26)
It is now straightforward to find the action of the D1-branes in the large n limit. Indeed, by
using eqs. (B.21) and (B.26), one gets:
SD1 = −T1
∫
dtdz
N
π cos θ
√
( sin θ)4 + ( C5,n(θ) )2 . (B.27)
From eq. (B.27) one can immediately obtain the hamiltonian of the D-strings. In order
to compare this result with the one corresponding to the wrapped D3-brane, let us change
the worldsheet coordinate from z to r = z/ cos θ. Recalling that θ is constant for the
configurations under study and using that T1/π = 4πα
′ T3 = T3Ω2 α
′, we get the following
hamiltonian:
H = T3Ω2Nα
′
∫
dr
√
( sin θ)4 + ( C5,n(θ) )2 , (B.28)
which, indeed, is the same as in the one in eq. (4.23) for this case. Notice that n, which
in our present approach is the number of D-strings, corresponds to the quantization integer
of the D3-brane worldvolume gauge field. It follows that the minimal energy configurations
occur for θ = πn/N and its energy density is the one written in eq. (4.24). This agreement
shows that our ansatz represents D-strings growing up into a D3-brane configuration of the
type studied in the main text.
Let us finally point out that the same ansatz of eqs. (B.9) and (B.13) can be used to
describe the configurations in which D0-branes expand into a D2-brane in the NS5 back-
ground of eqs. (B.3) and (B.4). In this case, which corresponds to the situation analyzed in
ref. [1], the D2-branes are located at fixed r and one only has to compute the determinant
of the matrix (B.15) in the D0-brane action. By using eq. (B.21) one easily finds the same
hamiltonian and minimal energy configurations as those of ref. [1].
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